Multiple attribute decision analysis (MADA) problems often include both qualitative and quantitative attributes which may be either precise or inaccurate. The evidential reasoning (ER) approach is one of reliable and rational methods for dealing with MADA problems and can generate aggregated assessments from a variety of attributes. In many real world decision situations, accurate assessments are difficult to provide such as in group decision situations. Extensive research in dealing with imprecise or uncertain belief structures has been conducted on the basis of the ER approach, such as interval belief degrees, interval weights and interval uncertainty. In this paper, the weights of attributes and utilities of evaluation grades are considered to be fuzzy numbers for the ER approach. Fuzzy analytic hierarchy process (FAHP) is used for generating triangular fuzzy weights for attributes from a triangular fuzzy judgment matrix provided by an expert. The weighted arithmetic mean method is proposed to aggregate the triangular fuzzy weights of attributes from a group of experts. α-cut is then used to transform the combined triangular fuzzy weights to interval weights for the purpose of dealing with the fuzzy type of weight and utility in a consistent way. Several pairs of group evidential reasoning based nonlinear programming models are then designed to calculate the global fuzzy belief degrees and the overall expected interval utilities of each alternative with interval weights and interval utilities as constraints. A case study is conducted to show the validity and effectiveness of the proposed approach and sensitivity analysis is also conducted on interval weights generated by different α-cuts.
Introduction
Multiple attribute decision analysis (MADA) with various types of attributes is common in practice. 1 For instance, in a project evaluation problem, both quantitative attributes measured by numerical values and qualitative attributes judged by linguistic variables need to be taken into account. In general, several quantified evaluation grades may be defined for assessing a qualitative attribute, for example, indifferent, average, good, and so on. Numerical values associated with these grades are used to transform the subjective judgment of an alternative on a qualitative attribute to a numerical value, or the numerical value assessed to a quantitative attribute is transformed to degrees on several evaluation grades. Then the values assessed on all attributes in a consistent form can be aggregated into a general assessment.
The evidential reasoning (ER) approach was introduced in 1990s 2, 3 based on the Dempster-Shafer (D-S) theory 4, 5 and is well-suited to dealing with complex MADA problems. It uses a distributed assessment based on several defined evaluation grades to present incomplete or fuzzy subjective judgments and it is convenient to combine different types of attributes.
There have been several development stages for the ER approach. Firstly, a basic framework of the ER approach is proposed 2, 3 based on the evidence combination rule of the D-S theory for the combination of multiple uncertain subjective judgments. To facilitate data collection in real decision environments, Yang proposed an improved method to the ER approach for the transformation of different sets of linguistic evaluation grades associated with different qualitative attributes and certain values associated with quantitative attributes to one set of evaluation grades. 6 In dealing with the irrationality in the original ER framework, four synthesis axioms are discussed and an improved ER algorithm which could satisfy these axioms is proposed. 7 In the original ER recursive algorithm, 6, 7 L-1 calculation steps are needed for the combination of L basic attributes. The analytical ER algorithm is then proposed 8 based on the recursive algorithm and Yen's combination rule, 9 in which only one step of calculation is to be conducted to generate the overall performance. Secondly, the ER approach has been applied to many real world decision making issues, for instance, motorcycle and car evaluation, 2, 3, 7 large engineering product evaluation, 10 general cargo ship design, 11 supplier selection in VMI alliance circumstance, 12 contractor selection, 13 safety analysis, 14, 15 self assessment, 16, 17, 18 environmental impact assessment, 8 pipeline leak detection, 19 strategic R&D project assessment, 20 new product development, 21 bridge condition assessment, 22 consumer preference prediction, 23 and so on. Thirdly, on the implementation of the ER approach, a window-based and graphically designed decision support software package called intelligent decision system (IDS) is developed on the basis of the ER approach. 16, 17, 24 It not only provides a flexible and easy to use interface for modeling and decision analysis, but also a structured knowledge base to help assessors to make judgments more objectively.
In a MADA problem, although the relative weight of an attribute is considered in the ER algorithm, the relative importance of an attribute is not always provided precisely due to the lack of information or the limit of knowledge and experience. Consequently, subjective judgments may be provided by a group of assessors because an individual may be incapable of providing a reliable judgment. In this circumstance, crisp values are not appropriate to present the weights of attributes from a group of experts anymore. In the field of research in the ER approach under uncertainties, Xu et al studied the ER approach for MADA under interval uncertainty 25 where the frame of discernment comprising not only single evaluation grades such as 'good', 'average', but also any subset of consecutive evaluation grades. Yang studied the ER approach for MADA under both probabilistic and fuzzy uncertainties where every two adjacent evaluation grades are supposed to be possibly overlapped to some degree. 26 Wang et al also extended the ER approach where the belief degrees are supposed to be interval values and several programming models are constructed, 27 based on which Guo further extended the ER approach under both interval belief degrees and interval weights. 28 In this paper, we investigate a decision situation where a group of experts are involved in providing uncertain weights, in particular triangular fuzzy weights. Firstly, a set of triangular fuzzy judgment matrices are constructed from a group of experts, based on which a set of triangular fuzzy weights are generated by the FAHP 29 method. Then the weighted arithmetic mean method is used to generate a combined triangular fuzzy weight of each attribute from the perspectives of all experts. The α-cut method is used to transform the combined triangular fuzzy weights to interval weights. The global fuzzy belief degrees are then generated based on the interval weights calculated by the α-cut method and the ER algorithm through four groups of ER based nonlinear programming models.
From the calculation by the ER algorithm, an aggregated belief degree can be generated which needs to be transferred into a definite value through utility function. 6, 7, 20 Due to the different backgrounds and expertise, the utility estimations on the same evaluation grade by every two decision makers (DMs) may be different in group decision circumstances. It may also be changed by individual DM himself/herself at different decision points. For example, a DM may be risk taking at one period of time and risk averse at another time point due to the changes of external environment. In this paper, fuzzy utilities are used in the ER approach and assumed to be constraints in the nonlinear programming models for the computation of the general assessment value for the presentation of risk preferences from different DMs or the attitude changes of DMs towards risk.
The structure of this paper is summarized as follows. Section 2 and section 4 are a brief introduction about the Dempster-Shafer's evidence theory and the ER approach respectively. The concept of triangular fuzzy number which is the basis of our extension of the ER approach is to be introduced in section 3. Section 5 provides the extension of the ER approach to deal with triangular fuzzy weights in group decision making environment. In section 6, the approach to generate global belief degrees under triangular fuzzy weights are proposed, and section 7 provides the approach to generate overall expected utility under fuzzy weights and fuzzy utilities. Section 8 is a numerical example to illustrate our proposed approach. This paper is concluded in section 9.
Dempster-Shafer's Evidence Theory
Dempster-Shafer's evidence theory is introduced by Dempster 4 and refined by Shafer. 5 It is one of the powerful tools to deal with uncertainty and has been applied in many fields. [30] [31] [32] [33] [34] In the D-S evidence theory, a sample space is called the frame of discernment which is denoted by  . A basic hypothesis in  is represented
The basic probability mass to the subset A of  is denoted by ( ) m A , which measures the degree to which the evidence supports A. It satisfies the following two conditions:
where  is the power set of  , consisting of all subsets of  , and  is an empty set. ( ) m A expresses the portion of the total belief exactly committed to A given a piece of evidence, but does not include the portion of belief to the subsets of A . ( ) m  measures the degree of ignorance that is the portion of the belief unassigned to any subsets of  .
The probability assigned to A of  that considering all the premises of A is denoted by
The kernel of the D-S evidence theory is the D-S combination rule which can be used to aggregate different sources of evidence. Suppose there are n pieces of evidence in  , and they each provide a basic probability mass to a subset A of  , such as
. The D-S combination rule is defined as follows:
with a member function which can be calculated by Eq. (8) . The distance of the two values is represented by the absolute value u l i i    which denotes the largest fuzzy degree of the relative importance assigned to i e . In other words, the larger the absolute value, the fuzzier the judgment is. 0
indicates that the weight judgment to the ith attribute is not fuzzy at all.
The Analytical ER Algorithm
The ER approach can be used to deal with MADA problems to aggregate multiple attributes. 2, 3, [6] [7] [8] It uses a belief decision matrix (BDM) where each of its elements is a vector of belief degrees assessed to a set of evaluation grades in contrast with a conventional decision matrix where a single value is used to assess an alternative on each attribute in most other MADA methods. The ER approach is developed on the basis of the D-S evidence theory discussed in section 2. A set of linguistic evaluation grades for the assessment of an attribute on an alternative is defined in the ER approach as follows:
where n H ( 1,2, , ) n N   each denotes an evaluation grade and they together form a frame of discernment. They are assumed to be collectively exhaustive and mutually exclusive. 1 H and N H are assumed to be the worst and best evaluation grade respectively. Without loss of generality, 
, the information provided by DM is considered to be complete. Otherwise, it is said to be incomplete.
In the ER approach, each qualitative attribute is assigned with belief degrees on all evaluation grades as denoted in Eq. (9) . The ER approach provides both the recursive 7 and analytical algorithms 8 to aggregate the assessments on multiple factors. Each of the algorithms has its own merits and can be applied in different decision situations. The analytical ER algorithm is described as follows:
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After the aggregation of L basic attributes, a distributed assessment for l a on the general level can then be presented as follows:
Method for Generating the Aggregated Triangular Fuzzy Weights from Group of Experts
The analytic hierarchy process (AHP) can be used as a method for the comparison of relative importance for attributes. 42, 43 In the traditional AHP method, each element in the comparison matrix is an accurate value. With the decision making environments becoming more and more complex, the comparison of two attributes may not always be definitely fixed to a certain value anymore. The triangular fuzzy judgment matrix was proposed by Laarhoven, 29 which is a fuzzy extension of Saaty's pairwise comparison method 42 that was extended by Gran 44 and Lootsma. 45 Kwiesielewicz 46 further improved the fuzzy analytic hierarchy process (FAHP) proposed by Laarhoven. In this paper, the weights of attributes in the ER approach are supposed to be triangular fuzzy weights which are calculated using FAHP based on the triangular fuzzy judgment matrix.
Triangular fuzzy judgment matrix
Each element in a triangular fuzzy judgment matrix is a
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triangular fuzzy judgment matrix if the elements ij a are
represented by triangular fuzzy number as follows:
where L is the total number of attributes involved in the comparison of two attributes. The subjective preferences of experts have direct significant impact on the outcomes of decision making in the process of constructing a hierarchical assessment structure and judgment matrix, whilst expert judgments can be incorrect or inaccurate, which leads to wrong decisions. Individual experts may be incompetent for dealing with the complexity of decision making problems under multiple criteria. In complex real decision making processes, it is important to get a group of experts involved in order to make decisions more objectively and reliably. However, research shows that experts always achieve different degrees of consistency in decision making because of their different backgrounds or expertise and conflicting interests. A question then arises as to how to generate group attitude towards the importance of attributes from individual expert's judgments.
Suppose { 1 2 , , , , ,
} is a set of triangular fuzzy judgment matrices given by T experts, where t A denotes the tth triangular fuzzy judgment matrix from the tth expert whose relative importance is assumed to be ( ( ) ( , , )
(1, 1, 1)
Generating the Aggregated Triangular Fuzzy Weights
There are two ways for the generation of aggregated triangular fuzzy weights. One way is to generate a combined triangular fuzzy judgment matrix by aggregating the triangular fuzzy judgment matrices of all experts firstly, and then the combined triangular fuzzy weights of attributes can be calculated by FAHP from the combined judgment matrix. The other way is to use FAHP to calculate the triangular fuzzy weights of attributes from each triangular fuzzy judgment matrix firstly, and then the combined triangular fuzzy weights can be obtained by aggregating these calculated triangular fuzzy weights.
In the first way, the weighted geometric mean complex judgment matrix (WGMCJM) method 47, 48 can be used for the aggregation of multiple-matrices. Xu proved that WGMCJM satisfies the consistency theorem. 47 The proof shows that if a judgment matrix presented by each expert is of acceptable consistency, then the aggregated judgment matrix calculated using the weighted geometric mean method (WGMM) is of acceptable consistency as well. In this approach, however, elements in each judgment matrix are all assumed to be crisp values. When elements are extended to triangular fuzzy numbers, this approach becomes complicated.
In this paper, the second way is followed to generate aggregated triangular fuzzy weights from a group of experts. The FAHP approach is firstly used to calculate the triangular fuzzy weights of all L attributes from each expert. Suppose there are T experts involved in the process of assigning attributes' weights. The weight assigned to the ith attribute by the tth expert calculated by FAHP is assumed to be The triangular fuzzy weight matrix can also be denoted by the following two vectors.
where ,1 
represents the joint maximum region of weight assigned to i e . Fig. 3 is just one of the cases in combining two triangular fuzzy weights. From Fig. 3 , we could see that In this case, the joint middle region of i
is overlapped with the joint minimum region of i
  ) as shown in Fig. 4 . The relative comparison of the three points in each of these two triangular fuzzy numbers in this case is Many other cases may also occur, for example Fig. 6 and so on. In group decision situations, there may be more complicated cases than shown in Fig. 3-Fig. 6 due to the differences of experts' judgments. A problem arises as to how to combine weights assigned to each attribute by all experts. Fig. 7 shows a triangular fuzzy weight assigned to i e by T experts.  . Thus, we have respectively, and they may represent an average perspective on the weight assignment to i e . The calculated combined triangular fuzzy weights of i e can then be denoted by 1 2 ( , , , , , ) 
respectively as follows:
The results generated by the weighted geometric mean method of Eqs. (34), (35) are different from the combined triangular fuzzy weights generated by the weighted arithmetic mean method (Eq.   using any other aggregation methods. Thus, sensitivity analysis needs to be conducted for different methods of combining triangular fuzzy weights for informative and reliable decision support.
The combined triangular fuzzy weights ω are then used in group evidential reasoning based programming models which is to be discussed in the next section.
Group Evidential Reasoning Approach to Compute Global Belief Degrees under Triangular Fuzzy Weights

Using α-cut to Transform Triangular Fuzzy Weights to Interval Weights
In this paper, α-cut is proposed to transform to interval weights the combined triangular fuzzy weights calculated using the method proposed in the previous section. The concept of α-cut is briefly reviewed in the following.
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The k-th α-cut . They can be calculated as follows: In the field of interval-valued D-S theory and ER approach, lots of research has been conducted. For instance, Lee and Zhu studied the combination of interval evidence. 49 Denoeux and Yager systematically explored the combination and normalization of interval evidence. 50, 51 But their approaches do not provide a satisfactory solution for dealing with interval-valued belief structures. 52 Guo studied the ER approach under both interval weights and interval belief degrees 28 based on Wang's research 27, 52 which was mentioned in section 1 where interval belief degrees are considered. In the following, the models for calculating global belief degrees are constructed according to Wang and Guo's models because the combination and normalization processes are optimized simultaneously which making the results more rational and appropriate.
Group Evidential Reasoning Based Programming Models to Generate Global Belief Degrees under Fuzzy Weights
Based on the analytical ER algorithm and the calculated interval weights from the combined triangular fuzzy weights by α-cut, several group evidential reasoning based programming models for computing the global fuzzy belief degrees are constructed below. Programming model <1> is constructed for the generation of the maximum value of ( ) (12)- (17), (23), (29)- (32), (39)
There are L variables in the above programming model which can be solved using "Solver" in Excel. To calculate the minimum value of ( ) (12)- (17), (23), (29)- (32), (39)- (40), (42)- (43).
be the optimal value of the objective function in the above two models respectively. Then the aggregated fuzzy belief degree of l a assigned to n H under the k-th α-cut of the combined fuzzy weights can be generated and presented by ( ) 
, two programming models may also be constructed as follows: 
s.t. EQS. (12)- (17), (23), (29)- (32), (39)- (40), (42)- (43) .
s.t. EQS. (12)- (17), (23), (29)- (32), (39)- (40), (42)- (43).
be the optimal values of programming model <3> and <4> respectively. Then, we have
represented as follows:
The whole process of this group evidential reasoning approach proposed in section 5-7 is shown in Fig. 10 as follows. Fig. 10 . Process of group evidential reasoning approach under fuzzy weights and utilities
Application
In this section, the group ER approach is applied to assess the performance of products in a manufacturing factory. In the life cycle of a project, our assessment is in the period that the development of a project has been completed or already in market for some time. As the result of assessment, the score assigned to a product can be obtained on the general level that could reflect the performance of completion or operation. A product can spread its performance in design and development whereas poor performance should be identified and discussed for future improvements. Five steps are involved in this process, summarized as follows:
Construction of the assessment framework
The research was conducted in close collaboration with the managers and faculties in the departments of a factory in China whose name is not mentioned here due to its business confidentiality. The constructed attribute framework is shown in Fig. 11 .
Constructing T triangular fuzzy judgment matrices from T experts
Generating T groups of triangular fuzzy weights of attributes by FAHP See Eq. (23) Using weighted arithmetic mean method to combine T groups of triangular fuzzy weights
Results shown in Fig. 2 Using α-cut to transform combined triangular fuzzy weights to interval weights, Eqs. (37)- (40) 
Assignment of belief degrees in performance
Five evaluation grades are involved for the assessment of a product. They are Bad, Poor, Average, Good and Very good, which form the frame of discernment together as follows: Two products which form the set of alternatives 1 2 { , } A a a  are involved in the case study. The belief degrees assigned to the two products on each attribute are shown in Table 2 . Table 2 shows a distributed view of the assessment of each product on every attribute. For example, "workload" for a 1 is assessed to be poor with a belief degree of 0.6 and to be average with a belief degree of 0.4". The above statement can also be represented by the following expectation: Firstly, pairwise comparisons between every two attributes associated with their upper level attribute are provided by each expert in the form of triangular fuzzy number to construct his judgment matrix. For example, a five-dimensional triangular fuzzy judgment matrix can be generated to compare the relative importance of the five general level attributes (E 1 , E 2 , E 3 , E 4 and E 5 ) by an expert. For the comparison of the importance of the three sub-level attributes (e 11 , e 12 , e 13 ) associated with their upper level attribute (E 1 ), a three-dimensional triangular fuzzy judgment matrix can be constructed. Similarly, a four-dimensional matrix, three-dimensional matrix, two-dimensional matrix and three-dimensional matrix can be formed for comparing the importance of the sub-level attributes associated with E 2 , E 3 , E 4 and E 5 . So, six triangular fuzzy judgment matrices are generated by each expert.
Secondly, FAHP is used to calculate the triangular fuzzy weights of attributes by each expert. In this case study, there are 4 experts involved in generating the combined triangular fuzzy weights of attributes. Due to the limited space of this paper, the detailed process to calculate triangular fuzzy weights from each expert using FAHP is not described here. The triangular fuzzy weights calculated from these 4 experts are presented in Table 3 . 
The combined triangular fuzzy weight of each attribute is shown in Table 4 . 
Generating the global fuzzy belief degrees
After the generation of combined triangular fuzzy weights, the group ER based programming model described in section 6 and 7 can then be used to calculate the global fuzzy belief degrees. For the convenience of constructing models, α-cut is used to transform the combined triangular fuzzy weights to interval-valued weights. Here,
is firstly assumed to be 0.5. The calculated interval weights generated under this α-cut are shown in the first chart of Table 5 . The combined fuzzy belief degrees of the two assessed products under this α-cut can then be generated and shown in the first chart of Table 6 and Fig. 12-13 as follows: Table 6 provides us a general distributed assessment on each product under a given α-cut. For example, with more than 50% confidence of the weight assignments, the global assessment to a 1 is generated to be bad (H 1 ) with belief degree between 0.029496 and 0.044523, poor (H 2 ) with belief degree between 0.061066 and 0.097372, average (H 3 ) with belief degree between 0.19421 and 0.267619, good (H 4 ) with belief degree between 0.432373 and 0.56841, very good (H 5 ) with belief degree between 0.081055 and 0.127194, and the belief degree not assigned to any evaluation grade is between 0.04604 and 0.06461.
8.5.
Generating the overall fuzzy utility of performance 0.5 1 2 ( ) P a a  =45.1% The final assessment results still need further consideration, but the information provided by the result is valuable and supportive to the leader in a company for his future decision and plan.
In the above case study, the sensitivity analysis of fuzzy weights and fuzzy utilities are also conducted. When k  increases, the fuzziness of interval weight assigned to each attribute decreases, and the fuzziness of global belief degrees on each evaluation grade for a product generated by the programming model becomes more accurate. In other words, if From the analysis of the result, we could see that for the purpose of providing the decision maker a more accurate result, it is important to minimize the uncertainties or ambiguities of information provided by experts in the condition that the information are used sufficiently and not distorted. It is really an opposition to the fuzzy decision making environment, and the balance between certainty and uncertainty/fuzziness should be operated according to real decision making problems. The choice of k  is also significant because it influences the fuzziness of assessment result directly. So several or more different α-cuts can be conducted, from which the real satisfactory assessment results can be selected according to real decision making circumstances.
Concluding remarks
Due to the complexity of real life decision environments, the decision made by an individual is not always reliable or rational. It is common that a group of DMs are involved in a decision making process to reduce the risk of making poor decisions. On the other hand, a DM's judgement may be inaccurate due to various types of uncertainties. So, there is a need to represent fuzzy or inaccurate information of an expert. In this paper, both attribute weights and evaluation grade utilities are considered to be fuzzy numbers. In our approach, FAHP is firstly used to compute the triangular fuzzy weights of attributes from each triangular fuzzy judgment matrix constructed by an expert. Then, the weighted arithmetic mean method is used to generate combined triangular fuzzy weights for a group of experts. Thirdly, α-cut is used to transform the combined triangular fuzzy weights to interval weights in a reliable and rational way. Finally, both the interval weights under α-cut and interval utilities are considered together to construct several group ER based programming models for the generation of the global fuzzy belief degrees and overall fuzzy utility values of each assessed alternative. Sensitivity analysis is also conducted on α-cuts of fuzzy weights with different α values. A numerical example to assess the performance of product is introduced for the illustration of the group ER approach under uncertainties.
